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CALCULATION OF ENERGY DEPOSITION SPECTRA 
A.M. KELLERER 
S t r a h l e n b i o l o g i s c h e s I n s t i t u t der U n i v e r s i t ä t M ü n c h e n und 
I n s t i t u t für B i o l o g i e 
der G e s e l l s c h a f t für Strahlenforschung Neuherberg 
A b s t r a c t : C l a s s i c a l s t r a g g l i n g t h e o r y i s o f l i m i t e d a p p l i c a b i -
l i t y i n m i c r o d o s i m e t r y , A new d e r i v a t i o n o f t h e e n e r g y l o s s 
d i s t r i b u t i o n s and some t h e o r e t i c a l p r o p e r t i e s o f t h e Compound 
P o i s s o n p r o c e s s are d i s c u s s e d . 
The e n e r g y t r a n s f e r from an i o n i z i n g p a r t i c l e t o a s t r u c t u r e 
of m i c r o s c o p i c dimensions i s a s t o c h a s t i c p r o c e s s * R i g o r o u s 
t r e a t m e n t of t h i s h i g h l y c o m p l i c a t e d p r o c e s s has become p o s s i -
b l e s i n c e ROSSI and c o - w o r k e r s
1
 have i n t r o d u c e d t h e s p e c t r a , 
Ρ(ΔΖ), o f l o c a l energy i n c r e m e n t s * I t i s t h e s t r e n g t h o f ROSSI's 
c o n c e p t t h a t , u n l i k e c l a s s i c a l L E T - t h e o r y
f
 i t i n t e g r a t e s a l l the 
d i f f e r e n t f a c t o r s i n v o l v e d . T h e r e f o r e , i t c o v e r s e f f i c i e n t l y 
even t h o s e c a s e s w hich a r e s t i l l too complex to be u n d e r s t o o d 
i n a l l d e t a i l s * With the s t e a d i l y i m p r o v i n g e x p e r i m e n t a l de­
t e r m i n a t i o n of the l o c a l energy d e n s i t y s p e c t r a , h owever, w i t h 
t h e i r i n c r e a s i n g impact on r a d i a t i o n b i o l o g y , and w i t h t h e emer­
gence o f a t h e o r y o f m i c r o d o s i m e t r y one has t o l o o k f o r t h e com­
p l e t e p i c t u r e * I t t u r n s out t h a t the l o c a l e n e r gy d e n s i t y s p e c ­
t r a a r e f a r more than a mere s y n t h e s i s o f L E T - s p e c t r a and t r a c k 
l e n g t h d i s t r i b u t i o n i n t h e s e n s i t i v e s t r u c t u r e s * The s t a t i s t i ­
c a l n a t u r e of energy d e p o s i t i o n a long the t r a c k o f an i o n i z i n g 
p a r t i c l e i s a most i m p o r t a n t a d d i t i o n a l a s p e c t b r o u g h t up by 
m i c r o d o s i m e t r y ( i f we may use t h i s somewhat p r e p o s t e r o u s name 
f o r t h e moment)* I n many i n s t a n c e s i t i s a l s o t h e d e c i s i v e f a c ­
t o r f o r t h e shape o f t h e l o c a l energy d e n s i t y s p e c t r a * T r a c k 
l e n g t h d i s t r i b u t i o n and even L E T - s p e c t r a a r e o f t e n o f minor im-
2 
p o r t a n c e · 
Even i n t h o s e c a s e s where
 f
s t r a g g l i n g
f
 i s not t h e d e c i s i v e f a c ­
t o r , i t i s s t i l l t h e one which p r e s e n t s t h e most s e r i o u s d i f f i ­
c u l t i e s a s f a r as p h y s i c a l knowledge and m a t h e m a t i c a l e v a l u a t i o n 
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a r e c o n c e r n e d . One may alm o s t s t a t e t h a t c a l c u l a t i o n o f l o c a l 
energy d e n s i t y s p e c t r a i s e s s e n t i a l l y a problem o f computing 
the energy l o s s d i s t r i b u t i o n s . I f t h i s problem i s s o l v e d t h e 
e x p l i c i t p r o b a b i l i t y d i s t r i b u t i o n s f o r d i f f e r e n t s i z e s o f t h e 
c r i t i c a l a r e a and f o r d i f f e r e n t L E T - s p e c t r a a r e put t o g e t h e r 
e a s i l y . T h i s may be seen from f i r s t c a l c u l a t i o n s which some 
3 
y e a r s ago have been done i n a Monte C a r l o a p p r o x i m a t i o n · 
T h i s paper i s concerned w i t h the d e r i v a t i o n o f the energy l o s s 
d i s t r i b u t i o n s f o r an a d d i t i o n a l r e a s o n . I n r a d i a t i o n p h y s i c s 
the problem o f energy s t r a g g l i n g has been t r e a t e d e x t e n s i v e l y . 
The t h e o r i e s o f BOHR , LANDAU , and SYMON
ü
 have l e d to t h e r e -
7 
c e n t s o l u t i o n g i v e n by VAVILOV , and to i t s t a b u l a t i o n by 
ο 
SELTZER and BERGER . T h i s s o l u t i o n i s b a s e d on a few s i m p l i f y ­
i n g a s s u m p t i o n s * I t n e g l e c t s the atomic b i n d i n g o f the e l e c t r o n s 
and w h i l e , on the one hand, i t r e q u i r e s t h a t o n l y a minor f r a c ­
t i o n o f the k i n e t i c energy o f the i o n i z i n g p a r t i c l e i s l o s t , i t 
i s , on the o t h e r hand, r e s t r i c t e d to a l a r g e number of p r i m a r y 
c o l l i s i o n s . These a p p r o x i m a t i o n s , w h i l e p e r f e c t l y v a l i d i n some 
h i g h energy a p p l i c a t i o n s , t u r n out to be p r o h i b i t i v e i n m i c r o ­
d o s i m e t r y . I n r a d i o b i o l o g i c a l a p p l i c a t i o n s the b i n d i n g energy 
o f the e l e c t r o n s cannot be n e g l e c t e d , the number o f c o l l i s i o n s 
i n t h e s t r u c t u r e s of i n t e r e s t i s o f t e n s m a l l , and a d e l t ä - r a y 
c u t - o f f has to be a p p l i e d whenever o n l y t h e energy l o c a l l y im-
p a r t e d i s o f i n t e r e s t . 
For t h e s e r e a s o n s a new method has been d e v e l o p e d f o r the de-
r i v a t i o n of the energy l o s s d i s t r i b u t i o n s f o r a r b i t r a r y c o l l i -
s i o n laws o v e r the whole range o f c o l l i s i o n numbers* W h i l e t h i s 
approach may be the o n l y c h o i c e i n many r a d i o b i o l o g i c a l a p p l i c a -
t i o n s , i t s h o u l d a l s o prove u s e f u l i n g e n e r a l r a d i a t i o n p h y s i c s 
and even i n h i g h energy p h y s i c s , whenever more r i g o r o u s t r e a t -
ment - f o r example, a c o r r e c t i o n f o r d e l t a - r a y e s c a p e i n the 
work w i t h s o l i d s t a t e d e t e c t o r s ( s e e ^ ) - i s d e s i r e d . 
59 
I * D e r i v a t i o n o f t h e e n e r g y l o s s d i s t r i b u t i o n s 
L e t u s f o r the moment assume t h a t t he c o l l i s i o n l a w , or d e l t a -
r a y s p e c t r u m , i s known* L e t us a l s o r e s t r i c t our d i s c u s s i o n t o 
a c o n s t a n t v a l u e o f the s t o p p i n g power, i * e* to the c a s e o f 
an i o n i z i n g p a r t i c l e w h i c h i n t r a v e r s i n g a c e r t a i n d i s t a n c e 
l o o s e s o n l y a s m a l l f r a c t i o n o f i t s k i n e t i c energy* F o r e a s i e r 
u n d e r s t a n d i n g some r e f e r e n c e w i l l be g i v e n t o the VAVILOV-theory, 
and a l s o the n o t a t i o n w i l l be kept s i m i l a r t o the one which i s 
u s e d , f o r example, i n t h e NAS r e p o r t on t h e p e n e t r a t i o n o f c h a r g ­
ed p a r t i c l e s i n m a t t e r
1 0
. We w i l l , however, not use t h a t p a r t o f 
the c o n v e n t i o n a l t e r m i n o l o g y which i s merely c o n n e c t e d w i t h the 
s p e c i a l s o l u t i o n s v a l i d f o r the l / E c o l l i s i o n law or i t s r e l a ­
t i v e s t i c m o d i f i c a t i o n · 
L e t f ( E , s ) » d E denote t h e p r o b a b i l i t y t h a t an i o n i z i n g p a r t i c l e 
i n t r a v e r s i n g a p a t h l e n g t h s i n the t a r g e t w i l l s u f f e r an e n e r ­
gy l o s s between Ε and dE as the r e s u l t of s u c c e s s i v e c o l l i s i o n s 
w i t h atomic e l e c t r o n s . The energy l o s s Ε i n t h e t a r g e t may v a r y 
over a wide r a n g e . The f l u c t u a t i o n s a r e due t o the v a r y i n g num­
ber o f c o l l i s i o n s i n the t a r g e t , and, what i s much more impor­
t a n t , to the V a r y i n g amount o f energy t r a n s f e r r e d i n the i n d i v i ­
d u a l c o l l i s i o n s . I f t h e s i n g l e c o l l i s i o n s p e c t r u m i s d e s i g n a t e d 
by c ( E ) , then c ( E ) » d E i s the p r o b a b i l i t y t h a t a s i n g l e c o l l i s i o n 
l e a d s t o an energy t r a n s f e r between Ε and dE. 
VAVILOV has d e r i v e d t h e d i s t r i b u t i o n s f ( E , s ) by i n t e g r a t i n g t h e 
t r a n s p o r t e q u a t i o n : 
3 f ( E ; s ) 
d s k*( j f ( E - x , s ) * c ( x ) dx - f ( E , s ) ) 
e . 
m m 
( 1 ) 
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By use o f t h e L a p l a c e t r a n s f o r m he d e r i v e s s o l u t i o n s f o r the 
1/E c o l l i s i o n l a v and i t s r e l a t i v i s t i c m o d i f i c a t i o n s * The 
d i s a d v a n t a g e o f t h e method i s t h a t i t cannot he used f o r modi­
f i e d c o l l i s i o n s p e c t r a which t a k e i n t o a c c o u n t t h e e l e c t r o n 
b i n d i n g and t h e e s c a p e and i n f l u x of d e l t a r a y s * Moreover th e 
s o l u t i o n s a r e e x p r e s s e d as an i n t e g r a l o v e r some c o m p l i c a t e d 
f u n c t i o n s * T h i s has made i t n e c e s s a r y to adopt a mixed a n a l y -
Q 
t i c a l n u m e r i c a l p r o c e d u r e · 
A d i r e c t and g e n e r a l l y a p p l i c a b l e n u m e r i c a l method a v o i d s t h e ­
se d i s a d v a n t a g e s * The a l t e r n a t i v e method d e r i v e s the energy 
l o s s d i s t r i b u t i o n s from an i n t e g r a l e q u a t i o n w h i c h i s c h a r a c t e ­
r i s t i c f o r the Compound P o i s s o n p r o c e s s . T h i s i n t e g r a l e q u a t i o n 
e x p r e s s e s t h e f a c t t h a t the energy l o s s i n n e i g h b o u r i n g t r a c k 
segments i s s t a t i s t i c a l l y i n d e p e n d e n t : 
T h i s means t h a t , i f a d i s t a n c e i s s p l i t up i n t o two p a r t s , i t s 
energy l o s s d i s t r i b u t i o n i s the c o n v o l u t i o n o f t h e two d i s t r i ­
b u t i o n s b e l o n g i n g t o t h e i n d i v i d u a l p a r t s . S p e c i f i c a l l y we may 
choose two e q u a l s e g m e n t s , and o b t a i n : 
Ε 
( 2 ) 
ο 
Ε 
( 3 ) 
ο 
Repeated a p p l i c a t i o n o f t h i s f o r m u l a l e a d s to a r b i t r a r i l y h i g h 
v a l u e s o f s* I f , t h e r e f o r e , the energy l o s s d i s t r i b u t i o n i s known 
f o r a t h i n t a r g e t i t can be d e r i v e d f o r a l l o t h e r v a l u e s of s* 
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An e s s e n t i a l p o i n t i s t h a t w i t h r e p e a t e d c o n v o l u t i o n s t h e i n ­
c r e a s e i n mean energy l o s s i s e x p o n e n t i a l * Only 10 s u c c e s s i v e 
c o m v o l u t i o n s are n e c e s s a r y to span a f a c t o r o f 2
1 0
, i . e* t o 
r e a c h a p p r o x i m a t e l y 1000times the o r i g i n a l t a r g e t s i z e * T h i s 
cam be made c l e a r by t h e f o l l o w i n g e q u a t i o n s where a s t a r i s 
u s e d as a s h o r t h a n d n o t a t i o n f o r the c o n v o l u t i o n p r o c e s s : 
f C E
f
2 s ) = f ( E , s ) * f ( E
t
s ) 
f C E , U s ) = f ( e , 2 s ) * f ( E , 2 s ) 
f C E , 8 s ) = f ( E , U s ) * f ( E , U s ) 
(U) 
f ( ( E , 2
n
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f
 t h e r e f o r e , i s the energy l o s s d i s t r i b u t i o n s f o r 
v e r y s m a l l d i s t a n c e s * T h e s e , however, can be g i v e n e a s i l y * I f 
t h e d i s t a n c e s i s so s m a l l t h a t i n most c a s e s no c o l l i s i o n a t 
a l l o c c u r s , then the p r o b a b i l i t y f o r more t h a n one c o l l i s i o n 
c an be n e g l e c t e d and the d i s t r i b u t i o n o f energy l o s s i s a s i m p l e 
s u p e r p o s i t i o n of a d e l t a f u n c t i o n a t ze r o e n e r g y and the s i n g l e 
c o l l i s i o n s p e c t rum c ( E ) : 
f ( E
i f
s ) = (ΐ-ε)·6(Ε) + e . c ( E ) ( 5 ) 
where ε « 1 i s the mean c o l l i s i o n number* 
I f , f o r example* we s t a r t w i t h ε = 2 ~
1 0
, t h e n t h e p r o b a b i l i t y 
-20 
f o r more tha n one c o l l i s i o n i s e q u a l to 2 and can be s a f e l y 
n e g l e c t e d * By 20 s u c c e s s i v e c o n v o l u t i o n s one g e n e r a t e s a s e t 
o f e n e r g y l o s s d i s t r i b u t i o n s o f which the l a s t one b e l o n g s to a 
meaaa c o l l i s i o n number o f 1012* By c h o o s i n g t h e a p p r o p r i a t e 
s t a r t i n g p o i n t s , one can r e a c h any d e s i r e d mean e n e r g y l o s s * 
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T h i s i s i n s h o r t summary t h e p r i n c i p l e o f t h e d e r i v a t i o n s o f 
the e n e r g y l o s s d i s t r i b u t i o n s * I t g i v e s enough i n f o r m a t i o n to 
use t h e computer program de v e l o p e d on t h i s b a s i s * Nothing more 
i s r e q u i r e d t h a n t h e r e a d - i n o f the s i n g l e c o l l i s i o n l a v c ( E ) 
and t h e v a l u e s o f mean e n e r g y l o s s f o r v h i c h the d i s t r i b u t i o n 
f u n c t i o n s a r e d e s i r e d * 
N e v e r t h e l e s s , i t may be u s e f u l to mention a t l e a s t some d e t a i l s 
o f t h e a c t u a l p r o c e d u r e * T h i s v i l l be done i n the next p a r a g r a p h 
v h i c h i s o f more t e c h n i c a l n a t u r e and may, t h e r e f o r e , be used 
i n c o n j u n c t i o n v i t h t h e program i t s e l f . 
F i r s t , h o v e v e r , some rema r k s on the moments of the energy l o s s 
d i s t r i b u t i o n s h o u l d be i n s e r t e d * T h e o r e t i c a l d e t e r m i n a t i o n of 
the moments and c o m p a r i s o n v i t h the n u m e r i c a l l y o b t a i n e d v a l u e s 
can be u s e d f o r t h e a c c u r a c y c o n t r o l o f t h e computations* 
I t can be shovn , though a p r o o f v i l l n ot be given h e r e , t h a t 
c e r t a i n c o m b i n a t i o n s o f the moments, the s o - c a l l e d s e m i -
i n v a r i a n t s o f t h e d i s t r i b u t i o n f ( E , s ) , a l l i n c r e a s e l i n e a r l y 
v i t h s* A l s o t h e i r dependence on the moments of the c o l l i s i o n 
s p e c t r u m c ( E ) i s s i m p l e * L e t us d e s i g n a t e the n o n - c e n t r a l mo-







 = j E n . c ( E ) dE ( 7 ) 
Then one may d e r i v e t h a t t h e n-th s e m i i n v a r i a n t o f the energy 
l o s s d i s t r i b u t i o n i s e q u a l t o the n-th n o n - c e n t r a l moment of 
t h e c o l l i s i o n s p e c t r u m t i m e s the mean c o l l i s i o n number. The 
s e c o n d and t h e t h i r d s e m i i n v a r i a n t are e q u a l to the sec o n d and 
the t h i r d c e n t r a l moment, and the f o u r t h s e m i i n v a r i a n t i s e q u a l 
to t h e f o u r t h c e n t r a l moment minus 3times the v a r i a n c e * Thus 
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one o b t a i n s the f o l l o w i n g f o r m u l a s f o r t h e c e n t r a l moments 
o f t h e energy l o s s d i s t r i b u t i o n : 
Ε « N*c 
1 
(N i s t h e mean c o l l i s i o n 
number) 
β N » c
2




( 8 ) 
( E - E ) 
« N » c ^
 β
 E ^ c ^ / c ^ i 
= N.c
u














These a r e i m p o r t a n t g e n e r a l p r o p e r t i e s o f t h e Compound P o i s s o n 
p r o c e s s . 
I t s h o u l d be noted t h a t t h e h i g h e r moments depend s t r o n g l y on 
the t a i l s o f the d i s t r i b u t i o n s * These t a i l s can be computed a c c u ­
r a t e l y , but they cannot i n g e n e r a l be d e t e r m i n e d e x a c t l y i n the 
ex p e r i m e n t * T h e r e f o r e , t h e h i g h e r moments have l i m i t e d p r a c t i c a l 
meaning* The v a r i a n c e t o g e t h e r w i t h t h e mean, h o w e v e r , i s an ex­
t r e m e l y i m p o r t a n t c h a r a c t e r i s t i c o f the e n e r g y l o s s d i s t r i b u t i o n s * 
I n t h e l o c a l energy d e n s i t y s p e c t r a i t i s , i n d e e d , a u s e f u l t o o l 
to compare the r e l a t i v e i m p o r t a n c e o f a l l t h e d i f f e r e n t f a c t o r s 
i n v o l v e d * R a t h e r s u r p r i s i n g l y i t t u r n s o u t t h a t t h e r e l a t i v e v a ­
r i a n c e i s the si m p l e sum o f the v a r i a n c e s i n t r o d u c e d by t h e i n d i -
2 11 
v i d u a l f a c t o r s · * From t h e l o c a l e n e r g y s p e c t r a t h e c o n c e p t may 
even be extended to c o v e r t h e b i o l o g i c a l a s p e c t s , and t h i s i s a 
3 
d i r e c t c o n n e c t i o n to t h e t h e o r y o f the dose e f f e c t r e l a t i o n s • 
F i n a l l y , i t s h o u l d be added t h a t o u t s i d e t h e range o f our a s ­
sumption o f c o n s t a n t s t o p p i n g power, t h e moments a r e , i n d e e d , a 
p r a c t i c a l means to d e r i v e t h e e x p l i c i t e n e r g y l o s s d i s t r i b u t i o n s * 
12 
T h i s has been worked out by TSCHALAR . 
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I I · D e t a i l s o f the cpmputer program 
F o r m a l l y the method d e s c r i b e d above l o o k s r a t h e r s i m p L e . I t 
does not i n v o l v e a n y t h i n g more tha n the r e p e a t e d e x e c u t i o n o f 
an i n t e g r a l of the t y p e : 
Ε 
g ( E ) = j f ( E - x ) . f ( x ) dx ( 9 ) 
ο 
Due to the type o f f u n c t i o n s i n v o l v e d , however, t h e s e i n t e g r a l s 
p r e s e n t c o n s i d e r a b l e n u m e r i c a l d i f f i c u l t i e s , and i t has been a 
main o b j e c t i n the development of the computer program to f i n d 
the o p t i m a l way to overcome t h e s e d i f f i c u l t i e s . 
To i l l u s t r a t e the problems i n y o l v e d we may c o n s i d e r the u s u a l 
l / E c o l l i s i o n l a w . Take the example of a 5 MeV p r o t o n . I n t h i s 
c a s e the maximum d e l t a - r a y energy i s n e a r to 10 KeV, and e . 
• mi η 
i s r o u g hly 0 , 4 eV. The c o l l i s i o n s p e c t rum c ( E ) M / E v a r i e s v e r y 
r a p i d l y i n the low energy r a n g e , so t h a t f o r the n u m e r i c a l i n ­
t e g r a t i o n one has to work on a p o i n t g r i d w i t h i n t e r v a l s much 
s m a l l e r than one eV. On a f i x e d l i n e a r energy s c a l e t h a t would 
imply 10** p o i n t s f o r the r e p r e s e n t a t i o n o f the d i s t r i b u t i o n . 
Thus the s t r a i g h t f o r w a r d approach on a l i n e a r g r i d of equi -
d i s t a n t p o i n t s i s out o f q u e s t i o n ; one c o n v o l u t i o n o p e r a t i o n 
would i n v o l v e some 1 0 1 0 p r o d u c t s . 
T h e r e f o r e , one has to subsegment the i n t e g r a l s or e l s e s w i t c h 
to a new n o n - l i n e a r c o o r d i n a t e s y s t e m . The l a t t e r i s the more 
e l e g a n t and more e f f i c i e n t way. One may choose a square r o o t 
s c a l e or a l o g a r i t h m i c s c a l e i n E . Both c o o r d i n a t e systems ha­
ve t h e i r a d v a n t a g e s ; i n the p r e s e n t approach we w i l l choose 
th e s i m p l e s t and most e a s y to use method and adopt the more com­
mon l o g a r i t h m i c s c a l e . 
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I f on t h e l o g a r i t h m i c s c a l e one c h o o s e s a s e r i e s o f e q u i -
d i s t a n t p o i n t s t o r e p r e s e n t t h e f u n c t i o n f ( E )
f
 i t t u r n s out 
t h a t l e s s t h a n 1 0 0 p o i n t s a r e i n g e n e r a l q u i t e s u f f i c i e n t f o r 
k 
an a c c u r a t e a p p r o x i m a t i o n * T h i s means t h a t l e s s than 10 pro-
d u c t s a r e i n v o l v e d i n the c o n v o l u t i o n o f two d i s t r i b u t i o n s ; 
t hus t h e computing t i m e s a r e kept v e r y s h o r t . I n a c c o r d a n c e 
w i t h the c o o r d i n a t e t r a n s f o r m a t i o n
f
 h o w e v e r
Ä
 one has to r e -
w r i t e e q u a t i o n ( 9 ) · 
L e t us assume the f o l l o w i n g a b b r e v i a t i o n s : 
η
 a
 . £n Ε
 β
 ζ = £n χ
 f








Then, as can e a s i l y be shown, the i n t e g r a l e q u a t i o n i s t r a n s ­
formed i n t o : 
T h i s i s s t i l l not the most e f f i c i e n t way o f p e r f o r m i n g the i n ­
t e g r a t i o n , s i n c e one o f the arguments c o n t a i n s e x p o n e n t i a l 
f u n c t i o n s and a l o g a r i t h m * T h i s argument may be f u r t h e r s i m p l i ­
f i e d : 
n - £ n 2 
min 
(1 0 ) 
£ n ( e
n
- e * ) = £ n ( e
n
( 1 - e ^
n
 ) ) = n + £ n ( l - e * -
n
) ( 1 1 ) 
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With t h e a d d i t i o n a l a b b r e v i a t i o n : 
d(ic') « -tnO-e*) 
the i n t e g r a l can be w r i t t e n i n the f o l l o w i n g f i n a l form: 
η-Αη2 
γ(η) « 2 · Ι φ(η-α(η-ζ))·φ(ξ)·β
ζ
 ( 1 2 ) 
min 
The f u n c t i o n s ά(η-ζ) and e^ a r e c a l c u l a t e d i n advance and need 
not be computed e v e r y t i m e they a r e needed. T h u s , the i n t e g r a l 
i s a g a i n r e d u c e d t o s i m p l e m u l t i p l i c a t i o n and a d d i t i o n . The 
e x e c u t i o n i s , t h e r e f o r e , f a s t , and t h e r e a r e no l i m i t a t i o n s as 
to t h e r a n g e o f e n e r g y l o s s e s t o be c o v e r e d . 
A f i n a l remark r e l a t e s t o the z e r o component i n the d i s t r i b u ­
t i o n s . W h i l e t h e e q u a t i o n s c o n t a i n t h e s e z e r o components i n 
form o f d e l t a f u n c t i o n c o n t r i b u t i o n s , the z e r o component and 
i t s c o n t r i b u t i o n i s , i n f a c t , h a n d l e d s e p a r a t e l y i n the nume­
r i c a l p r o c e d u r e . 
The program i s p r e s e n t l y a v a i l a b l e i n FORTRAN IV and i n A L G O L · 
I t s a p p l i c a t i o n i s s i m p l e , s i n c e as i n p u t n o t h i n g more i s r e ­
q u i r e d t h a n t h e r e a d - i n o f the u n n o r m a l i z e d v a l u e s of the c o l ­
l i s i o n s p e c t r u m on a l o g a r i t h m i c p o i n t g r i d . Onre may a l s o s t a t e 
the number o f c o o r d i n a t e p o i n t s on a g i v e n i n t e r v a l . Normally 
8 p o i n t s on a f a c t o r o f 2 a r e t a k e n , but i f h i g h e s t a c c u r a c y 
i s r e q u i r e d , one may s t a t e the number o f 16 or even 32 . I f one 
a l s o s t a t e s a f i n a l mean energy l o s s , one o b t a i n s a s e r i e s o f 
d i s t r i b u t i o n s w h i c h l e a d s up t o the d i s t r i b u t i o n w i t h the de­
s i r e d mean e n e r g y l o s s . The d i s t r i b u t i o n s a r e s u c c e s s i v e l y 
s p a c ed by a f a c t o r o f two as can be seen from e q u a t i o n s ( & ) · 
The a c c u r a c y o f t h e c o m p u t a t i o n s i s l i m i t e d o n l y by the f a c t 
t h a t t h e c o n t i n u o u s i n t e g r a l s a r e s u b s t i t u t e d by d i s c r e t e sums. 
We do not need a d e t a i l e d d i s c u s s i o n o f the e r r o r s i n v o l v e d , 
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s i n c e the t h e o r e t i c a l d e t e r m i n a t i o n of t h e moments and t h e 
c o m p a r i s o n v i t h t h e i r n u m e r i c a l l y o b t a i n e d v a l u e s v a r r a n t a 
s t e a d y c o n t r o l o f t h e a c c u r a c y * With a p o i n t g r i d o f θ p o i n t s 
on a f a c t o r of 2, and f o r the u s u a l c o l l i s i o n l a v s t h e i n ­
a c c u r a c y o f the mean, t h e s t a n d a r d d e v i a t i o n , and t h e s e c o n d 
and t h i r d c e n t r a l moments i s s t i l l b e l o v \% a f t e r 20 convo­
l u t i o n s , a p r e c i s i o n good enough f o r a l m o s t a l l p r a c t i c a l 
a p p l i c a t i o n s * S h o u l d i n s p e c i a l c a s e s h i g h e s t a c c u r a c y be de­
s i r e d , then one may t a k e a f i n e r p o i n t g r i d * A l s o t h e l i n e a r 
i n t e r p o l a t i o n i n the i n t e g r a t i o n may be r e p l a c e d by a more 
a c c u r a t e one. P r e s e n t l y , however, t h i s a p p e a r s t o be q u i t e 
p o i n t l e s s · 
I I I * P r a c t i c a l i m p l i c a t i o n s 
I t i s not i n the scope o f t h i s paper to d i s c u s s n u m e r i c a l 
r e s u l t s of the energy l o s s c a l c u l a t i o n s * An example may, how­
e v e r , s e r v e to i l l u s t r a t e the new method* I n o r d e r t o g i v e a 
c o m p a r i s o n w i t h the VAVILOV t h e o r y , a c a s e w i l l be t a k e n which 
i s n o t q u i t e out o f the range o f a p p l i c a b i l i t y o f t h i s t h e o r y * 
I t h a s to be k e p t i n mind t h a t the d i f f e r e n c e s become much 
more e x p r e s s e d w i t h s m a l l e r mean energy l o s s * 
A 1,58 MeV proton i n t r a v e r s i n g a t i s s u e e q u i v a l e n t l a y e r o f 
0,1 micron l o o s e s 1,9 KeV on t h e a v e r a g e . But t h e r e a r e marked 
d e v i a t i o n s from t h i s mean v a l u e , as can be s e e n from r e c e n t 
e x p e r i m e n t s performed by GLASS and SAMSKY
 1 3
. The VAVILOV t h e o ­
r y i s i n g e n e r a l agreement w i t h t h e d a t a ( s e e F i g * l ) * The ex­
p e r i m e n t a l c u r v e i s , however, b r o a d e r a t low and medium e n e r ­
g i e s * T h i s i s a t l e a s t p a r t l y due to the e l e c t r o n b i n d i n g * 
U n f o r t u n a t e l y , we have l i t t l e i n f o r m a t i o n on t h e a c t u a l shape 
of t h e c o l l i s i o n s p e c t r u m a t low and medium e n e r g i e s * We do, 
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F i g , 1 P r o b a b i l i t y d i s t r i b u t i o n f o r the energy d e p o s i t i o n 
— 5 2 
o f a 1,58 MeV p r o t o n i n a l a y e r of 10 gm/cm com-





h o w e v e r , know t h a t t h e 1/E r e l a t i o n i s e x t r e m e l y u n r e a l i s t i c 
i n t h i s r a n g e , and t h e most r e a s o n a b l e guess may a t t h e moment 
1 k 
be b a s e d on t h e e x p e r i m e n t a l f i n d i n g s o f RAUTH and SIMPSON 
I t i s t h e s h o r t c o m i n g o f t h e s e d a t a t h a t t h e y do n o t e x t e n d t o 
e n e r g i e s o f much more t h a n 100 eV. Thus one has t o i n t e r p o l a t e . 
The i n t e r p o l a t i o n i s t o a c e r t a i n d e g r e e d e t e r m i n e d by t h e c o n -
d i t i o n t h a t t h e c r o s s - s e c t i o n s above 300 eV as w e l l as t h e t o -
t a l s t o p p i n g power have t o be k e p t . W i t h o u t g o i n g i n t o t h e de-
t a i l s we p r e s e n t a m o d i f i e d s p e c t r u m i n F i g . 2 a . Some o f t h e 
r e s u l t i n g e n e r g y l o s s d i s t r i b u t i o n s i n c o m p a r i s o n w i t h t h e ones 
f o r t h e 1/E r e l a t i o n a r e g i v e n i n F i g . 2 b . The d i s t r i b u t i o n 
f o r a mean e n e r g y l o s s o f 1,9 KeV i s compared w i t h t h e e x p e r i -
m e n t a l d a t a i n F i g . 3. A t l o w and medium e n e r g i e s t h i s c u r v e i s 
i n a g r e e m e n t w i t h t h e r e s u l t s . A n o t h e r c o n s i d e r a b l e d i f f e r e n c e 
b e t w e e n e x p e r i m e n t and t h e o r y r e m a i n s . The e x p e r i m e n t a l v a l u e s 
f a l l o f f much more s t e e p l y a t h i g h e r e n e r g i e s t h a n t h e VAVILOV 
t h e o r y p r e d i c t s . T h i s i s c l e a r l y due t o t h e l o s s o f d e l t a r a y s . 
A t r e a t m e n t w h i c h c a l c u l a t e s escape and i n f l u x p r o b a b i l i t i e s 
f o r t h e d i f f e r e n t d e l t a r a y s i n a f o i l o f 0,1 m i c r o n l e a d s t o a 
good f i t a t h i g h e n e r g i e s , b u t t h e i n f l u x o f d e l t a s i n c r e a s e s 
t h d p r o b a b i l i t i e s i n t h e medium e n e r g y r a n g e much more t h a n i s 
e x p e r i m e n t a l l y o b s e r v e d . T h e r e f o r e , t h e g e o m e t r y o f a f o i l seems 
n o t a p p r o p r i a t e f o r t h e e x p e r i m e n t , a n d , a c c o r d i n g l y , t h e p r o -
b a b i l i t i e s have been c a l c u l a t e d f o r a c y l i n d e r o f 0,05 m i c r o n 
r a d i u s and 0,1 m i c r o n l e n g t h . I n t h i s case t h e e n e r g y l o s s i s 
m o s t l y r a d i a l , and t h e r e i s l i t t l e i n f l u x o f d e l t a r a y s . The 
r e s u l t i n g c o l l i s i o n s p e c t r u m i s a l s o i n d i c a t e d i n F i g . 2 a . 
T h i s c o l l i s i o n s p e c t r u m l e a d s t o a good agreement w i t h t h e e x p e -
r i m e n t a l d a t a o v e r t h e w h o l e r a n g e o f e n e r g i e s ( s e e F i g . 4 ) . The-
se r e m a r k s s h o u l d be t a k e n as an i l l u s t r a t i o n , n o t as a d e f i n i -
t i v e p r o o f f o r a p a r t i c u l a r c o l l i s i o n s p e c t r u m . T h e r e a r e q u i t e 
a number o f i n t e r e s t i n g q u e s t i o n s i n v o l v e d i n t h e p r o b l e m , and 
i t has t o be d e a l t w i t h i n d e t a i l . 
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P i g . 2 b Some energy l o s s d i s t r i b u t i o n s f o r a 1 f 5 8 MeV proton 
a c c o r d i n g t o the 1/E c o l l i s i o n s p e c t r u m ( d o t t e d l i n e s ) 
and the a d j u s t e d spectrum ( f u l l l i n e s ) . The mean e n e r ­

















energy in keV 
F i g . 3 The e x p e r i m e n t a l d a t a compared w i t h t h e d i s t r i b u t i o n 
a d j u s t e d a t low e n e r g i e s but not c o r r e c t e d f o r d e l t a -














energy in keV 
F i g . k The e x p e r i m e n t a l d a t a compared w i t h t h e d i s t r i b u t i o n 
a d j u s t e d a t low e n e r g i e s and a l s o c o r r e c t e d f o r d e l t a -
r a y e s c a p e . 
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The n e c e s s i t y f o r a d e t a i l e d t r e a t m e n t i s a l s o t h e r e a s o n t h a t 
no a t t e m p t i s made t o d i s c u s s t h e d e r i v a t i o n o f t h e l o c a l e n e r ­
gy d e n s i t y s p e c t r a w i t h a l l t h e f a c t o r s i n v o l v e d * I t may s u f ­
f i c e t o say t h a t t h e c o m p u t e r p r o g r a m d i s c u s s e d h e r e i s t h e c e n ­
t r a l b u i l d i n g b l o c k o f an e x t e n d e d v e r s i o n w h i c h t a k e s a r b i t r a r y 
c o l l i s i o n s p e c t r a , L E T - s p e c t r a , and t r a c k l e n g t h d i s t r i b u t i o n s , 
and p u t s them t o g e t h e r f o r t h e a c t u a l l o c a l e n e r g y d e n s i t y d i s ­
t r i b u t i o n s , Ρ(ΔΖ). The main f o r m u l a s w h i c h g o v e r n t h e i n c l u s i o n 
o f t h e LET- and t r a c k l e n g t h - s p e c t r a a r e s i m p l e and have been 
3 11 
d i s c u s s e d e a r l i e r ( s e e a l s o ) . 
The r e s u l t s have t o be e v a l u a t e d i n c l o s e c o n n e c t i o n w i t h t h e 
e x p e r i m e n t a l d a t a * The e x p e r i m e n t i s l i m i t e d a t low e n e r g i e s , 
w h i l e t h e t h e o r y , due t o t h e c o m p l i c a t e d p r o b l e m o f d e l t a - r ä y 
e s c a p e , r u n s i n t o d i f f i c u l t i e s a t h i g h e n e r g i e s . T h i s w i l l p r o -
b a b l y make t h e b e s t s p e c t r a a c o m b i n a t i o n o f a t h e o r e t i c a l l o w 
e n e r g y p a r t and a h i g h e n e r g y p a r t d e t e r m i n e d i n e x p e r i m e n t s 
w i t h w a l l - l e s s p r o p o r t i o n a l c o u n t e r s . 
There i s a l a s t p o i n t w h i c h , i n f a c t , has been t h e s t a r t i n g p o i n t 
f o r t h i s w o r k . T h i s i s t h e p r o b l e m o f c o m p u t i n g t h e d o s e - d e p e n d e n t 
l o c a l e n e r g y d e n s i t y s p e c t r a P ( Z ) f r o m t h e i n c r e m e n t s p e c t r a 
Ρ(ΔΖ). I t i s i n t e r e s t i n g t o n o t e t h a t P ( Z ) i s i n e x a c t l y t h e 
same r e l a t i o n t o Ρ(ΔΖ) as f ( E , s ) i s t o c ( E ) , The r e a s o n i s t h a t 
b o t h P ( Z ) and f ( E , s ) a r e t h e r e s u l t o f a Compound P o i s s o n p r o c e s s . 
T h a t i s , t h e y a r e t h e r e s u l t o f s t a t i s t i c a l l y i n d e p e n d e n t i n ­
c r e m e n t s . The d i s t r i b u t i o n o f i n c r e m e n t s , i . e. t h e s p e c t r u m o f 
t h e P o i s s o n p r o c e s s , i s Ρ(ΔΖ) i n t h e one c a s e , and c ( E ) i n t h e 
o t h e r . Thus t h e c o m p u t e r p r o g r a m w h i c h i s a g e n e r a l s o l u t i o n o f 
t h e Compound P o i s s o n p r o c e s s can be u s e d f o r b o t h p r o b l e m s w i t h ­
o u t any c h a n g e . The o n l y d i f f e r e n c e i s i n t h e shape o f t h e s p e c ­
t r a . The d i s t r i b u t i o n s Ρ(ΔΖ) a r e e a s i e r t o h a n d l e t h a n some o f 
t h e e x t r e m e l y skew c o l l i s i o n s p e c t r a c ( E ) . 
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I n d e e d , t h e d e r i v a t i o n o f t h e P ( Z ) s p e c t r a f r o m t h e s i n g l e 
e v e n t s p e c t r a Ρ(ΔΖ) has been done f i r s t . I t was B. B I A V A T I 
who Ihas d e v e l o p e d a r i g o r o u s p r o g r a m f o r t h i s p u r p o s e ^ w h i c h 
3 
m c o n t r a s t t o t h e Monte C a r l o c a l c u l a t i o n s p r o d u c e s e x a c t 
s o l u t i o n s . H i s method l i e s i n a s i m i l a r d i r e c t i o n as t h e p r e ­
s e n t a p p r o a c h . As a m a t t e r o f f a c t t h e w o r k r e p o r t e d h e r e has 
been g r e a t l y s t i m u l a t e d and a d v a n c e d by t h e c l o s e c o o p e r a t i o n 
w i t h t h e w o r k i n g g r o u p a t t h e C o l u m b i a U n i v e r s i t y R a d i a t i o n 
R e s e a r c h L a b o r a t o r i e s . 
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